In this paper, we compute a recursive wall-crossing formula for the Poincaré polynomials and Euler characteristics of Abelian symplectic quotients of a complex projective manifold under a special effective action of a torus with non-trivial characters. An analogy can be made with the space of pure states of a composite quantum system containing r quantum bits under action of the maximal torus of Local Unitary operations.
Introduction
In physics, the space of pure multi-particle quantum states can be represented by a Kähler manifold (M = P n , ω F S ), where ω F S denotes the Fubini-Study symplectic form [1, 2] . The group of Local Unitary (LU) operations is the symmetry group of a multi-partite quantum system containing r-isolated quantum particles. Particularly, when the system contains r quantum bits (qubits) the LU group is represented by the compact, semi-simple Lie group K = SU (2) ×r acting in a Hamiltonian way on the space of pure multi-partite quantum states (M = P n , ω F S ), such that n + 1 = 2 r , and is equipped with an equivariant moment map µ : P n → k * [3] [4] [5] . The Lie group K itself is a subgroup of Special Unitary group SU (n + 1). Now, consider the torus T r = (S 1 ) r acting on the Kähler manifold M = P n , such that 2 r = n + 1. The torus T r is in fact the maximal torus of the LU group K = SU (2) r . In fact, (P n , ω F S , T r , µ T ) is a Hamiltonian T -manifold, where µ T : P n → t * r denotes an equivariant moment map whose values ξ = µ T (p), for p ∈ P n , are collections of diagonal elements of the reduced density matrices, or sets of fixed phases for r-qubits, and by fixing them one can study geometrical and topological invariants of the associated symplectic reduced spaces M ξ = µ −1 T (ξ)/T , as ξ varies in µ T (P n ) ≡ ∆. Recall that µ T (M ) is the convex hull of the finite set of points µ T (M T ), where M T denotes the fixed point set of the T -action on M . Moreover, for a regular value ξ ∈ ∆ reg , the associated symplectic reduced space M ξ = µ −1 T (ξ)/T possesses at most orbifold singularities [6, 7] . In this paper we are interested in utilizing a recursive wall-crossing formula for constructing topological invariants, specifically the Poincaré polynomials and the Euler characteristics of symplectic reduced spaces M ξ as ξ crosses codimension-1 walls between two adjacent chambers as proposed in [8, 9] . Since for any regular value ξ ∈ ∆ reg , the topological invariants of symplectic quotient M ξ will be a function of only chambers, the problem becomes combinatorial in essence.
The outline of the paper is as follows. In section 2 we review the recursive wallcrossing formula proposed in [9] to find Poincaré polynomials for symplectic quotients of Hamiltonian torus T -manifolds. Then, in section 3, we obtain the recursive wall-crossing Poincaré polynomial and Euler characteristic for a regular value of the torus moment map µ T for the Hamiltonian manifold (P n , ω F S , µ T , T r ), followed by detailed examples for cases r = 2, 3 in sub-section 3.1 and finally in section 4 we summarize the results and provide outlooks for future research.
Recursive Wall-crossing Invariants
Consider (M, ω, µ T , T ) as a Hamiltonian torus T -manifold such that µ T : M → t * is the equivariant moment map. Given a point ξ ∈ t * , the symplectic reduced space M ξ is defined as follows
If ξ is a regular value of µ T , then M ξ is called the Marsden-Weinstein symplectic reduced space [10] and possesses at most finite quotient (orbifold) singularities and the induced symplectic structure ω ξ on M ξ is defined as
where
T (ξ) ֒→ M is the inclusion of the level set. By the convexity theorem [11, 12] , the image ∆ = µ T (M ) is the convex hull of the image of the fixed point set M T , so a convex polytope itself. The set of regular values of the moment map ∆ reg is then a finite union of open convex sub-polytopes (chambers) [12] . Proposition 2.1. [13] Let (M, ω, µ T , T ) be a compact and connected Hamiltonian T -manifold and consider ξ, η ∈ ∆ reg in the same chamber. Then the two symplectic quotients M ξ and M η are diffeomorphic.
According to Proposition 2.1, any topological invariant of the symplectic quotient M ξ , when ξ ∈ ∆ reg , is only a function of the combinatorial properties of the chamber that ξ is in. However, an invariant of a symplectic reduced space changes when the moment value ξ crosses boundaries or critical walls, which can be expressed in terms of a "wall-crossing" formula. There exist wall-crossing formulas for invariants of symplectic quotients, such as the change in the cohomology class [ω] red [14] or the Duistermaat-Heckman polynomial [15] .
In [8, 9] , Metzler proposed a recursive wall-crossing formula for topological invariants of symplectic reduced spaces of Hamiltonian T -manifolds by using an object called a "weighted X-ray" encoding all the fixed point data of the torus T and sub-tori actions. To investigate the torus action, he used the (infinitesimal) orbit-type variant of Tolman's X-ray [16] , which not only includes the fixed point data, but also encodes the fixed point sets of sub-tori H ⊂ T .
Recall that the orbit-type stratification of a manifold M , with an action of a torus T , is given by the decomposition of M into a finite set of the connected components of strata M H = {p ∈ M | T p = H}, where T p is the stabilizer (or isotropy) subgroup of point p ∈ M and H is a subtorus H ⊂ T . Equivalently, an infinitesimal orbit-type stratification is determined by the infinitesimal stabilizers, i.e. the connected components of M h = {p ∈ M | t p = h}, where t p and h are Lie algebras of the subgroups T p and H, respectively [17] . Let {X 1 , · · · , X m } denotes the finite set of connected components of infinitesimal orbit-type strata, with corresponding stabilizers T 1 , · · · , T m , i.e. M = m j=1 X j . For each X j , let F j denotes its closure, i.e.X j = F j . Then, each F j ∈ F = {F 1 , · · · , F m } is a connected component of the fixed point set M T j of the subtorus T j ⊂ T , as the stabilizer of a generic point in F j . By the equivariant Darboux theorem, each F j is a symplectic manifold which is acted upon effectively and in a Hamiltonian fashion by the quotient torus T /T j [18] . The corresponding moment map µ T /T j is obtained by the restriction of the torus-T moment map µ T to the sub-manifold F j . Then, each µ T /T j (F j ) is a convex sub-polytope on its own right with dim
Definition 2.1. [9, 16] An X-ray of a compact Hamiltonian T -manifold (M, ω, µ T , T ) is a family of convex sub-polytopes µ T /T j (F j ) ⊂ µ T (M ) indexed by the set F, which is a partially ordered set under inclusion. A wall of an X-ray is denoted by the pair
The vertices of an X-ray, which are single points in t * , are images under the moment map µ T of T -fixed points components, while the lines are images of strata corresponding to circles S 1 in T , i.e. they are images under the moment map µ T d /T d−1 of T d−1 -fixed points components, and so on for higher dimensional walls. Now, let {w l,j ∈ t * } denote the weights of the infinitesimal action of torus T on the normal bundle N j to each F j , for l = 1, · · · , rank(N j )/2. The reason is that the normal bundle N j to each F j has a natural isotopy class of complex structures induced from the natural isotopy class of compatible, invariant almost complex structures on M because of the T -invariant symplectic form [19] . Therefore, for all p ∈ M T j , the weights of the infinitesimal action of T j on T p M are well-defined vectors in t * , which allows us to define the weights of the infinitesimal torus T -action on the normal bundle N j to each F j . Of course, for each N j there are additional zero weights corresponding to T p F j , but this will allow us to record the weight data package and also the multiplicities of weights pointing in the same direction more consistently [8] .
The fixed point data that Metzler's recursive wall-crossing formula depends on, comprise of the fixed point connected components F j , the weights {w l,j } and the points
, where the data involved in dimension d wall-crossing is obtained by the wall-crossing procedure in dimension d − 1. Hence, a weighted X-ray of a Hamiltonian T -manifold (M, ω, µ T , T ) is an X-ray, as in Definition 2.1, together with the weights {w l,j } assigned to each stratum F j . There are several properties of the weighted X-rays of Hamiltonian T -manifolds, but only the following ones are in particular relevant in this paper: first, the weights attached to the T -fixed point components, as vertices of an X-ray, lie along one-dimensional walls of the corresponding X-ray and it is important to keep record of multiplicities of weights pointing in the same direction along the lines connecting vertices of an X-ray, and second, the weight data at these vertices often completely determine the X-ray [9] .
Recall that the set of regular values of the moment map µ T is the complement of the union of the walls of an X-ray, i.e.
which itself is an open set with a finite number of components, so called chambers. Equivalently, for each F j as an effective Hamiltonian T /T j space, we can define the set of regular values for the associated moment map µ T /T j as follows:
which is a relatively open set with finite number of components, as convex sub-polytopes or sub-chambers of the X-ray. In other words, every point ξ ∈ t * in the moment polytope µ T (M ) ⊂ t * is a regular value for some Hamiltonian action, for instance the vertices are regular values, since they correspond to the T /T torus, which is trivial with a zerodimensional Lie algebra, and the points in the one-dimensional walls (or the lines) that are connecting the vertices are also regular values of the moment map µ T d /T d−1 = µ S 1 , and so on for higher dimensional walls in the moment polytope. More precisely, consider a stratum F j ∈ F in such a way that the torus T j is the stabilizer subgroup of a generic point in F j and let ξ ∈ ∆ (j)
reg ⊂ µ T /T j (F j ) as a regular value of the moment map µ T /T j . Then, the corresponding regular symplectic reduction can be obtained as
However, the symplectic reduction (2.3) has to be distinguished from the singular sym-
ξ is a stratum. In addition, we have to specify which strata F j we are restricting for the symplectic reduction purpose, since there may be more than one strata whose moment images contain ξ, for instance if
In fact, the recursive wall-crossing formula (2.6) below, takes into account all of these lower-dimensional "sub-reductions", but before that we need the following lemma that describes how two sub-chambers of an X-ray can meet.
Lemma 2.2. [8, 9] Consider the weighted X-ray of a Hamiltonian torus-T manifold
reg is a convex polytope and let Aff(δ) denotes its affine span.
For each stratum
F k ⊂ F j such that µ T /T k (F k ) is a principal subwall in Aff(δ) and µ T /T k (F k ) ∩ δ = ∅, then δ lies entirely in one sub-chamber (F k , ∆ (k) reg ) of F k .
For a non-overlapping weighted X-ray (i.e. a weighted X-ray in which for two different strata their moment images do not overlap), δ lies in a unique sub-chamber
Now, consider the following scenario in which F j ∈ F contains two sub-chambers
reg contains two or more principal sub-
with a common Aff(δ). According to the Lemma 2.2, in every
reg into two components, denoted by Λ 1 and Λ 2 , since (
the unique linear subspace Lin µ T /T j (F j ) parallel to the affine span Aff µ T /T j (F j ) onto the Lin µ T /T j (F j ) /Lin(δ) ∼ = R, and
where w (j) l,k are the weights of infinitesimal torus T -action on the normal bundle N k to the stratum F k , which lie along the wall (F j , µ T /T j (F j )). Then, we can define
where b k (f k ) denotes the number of weights pointing backward (forward) during the wall-crossing procedure from ∆ (j,1)
reg . In section 3.1 we will show explicitly through examples how to count these weights as we cross two adjacent walls in the moment polytope. 
reg from the exterior of µ T /T j (F j ) and let f be the number of weights of N k in N j pointing into N j and b be the number pointing out. Then,
It is implicit that I = 0, for points outside of the moment polytope ∆. According to [9] , the values of a recursive invariant I are completely determined by the function C I and its values on the vertices. In fact, the values of I in a d-dimensional sub-chamber of a moment polytope can be obtained by starting outside the polytope and crossing a finite number of walls with lower dimensions recursively. The following theorem asserts that an invariant is recursive if it is for circle S 1 -action:
Theorem 2.3. [8, 9] Let I be a topological invariant of symplectic manifolds. Assume that the X-ray invariant defined by I as in definition 2.2 is recursive on the class of X-rays coming from Hamiltonian circle actions. Then this invariant is recursive on all Hamiltonian X-rays, with the same wall-crossing function.
In other words, Theorem 2.3 asserts that any wall-crossing invariant can be reduced to circle actions. By using the Theorem 2.3, Metzler found in [8, 9] a recursive wall-crossing formula for the Poincaré polynomials of symplectic reduced spaces of a general Hamiltonian torus-T manifold (M, ω) as follows
and
reg , which is a regular value of the moment map µ T /T j associated with the Hamiltonian torus space (F j , T /T j , µ T /T j ). In Eq. (2.9), f (b) is the number of positive (negative) weights in the normal bundle to F j . Later, in section 3.1, we see how the Theorem 2.3 will facilitate counting the number of positive and negative weights along the moment image of the normal bundle to the fixed points of the torus action. For more details on weighted X-rays and their recursive invariants the readers can refer to [8, 9] .
Poincaré Polynomials for Abelian Quotients
Recall that the Local Unitary group K = SU (2) r acts on Kähler manifold M = P n , as the space of pure states of multi-particle quantum system consisting of r quantum bits, each with a Hilbert space H i = C 2 , for i = 1, · · · , r, and H = r H i . In physics, points on the manifold M are in fact positive semi-definite, trace-class and Hermitian matrices ρ, which can be written as tensor product of the density matrices of the sub-systems as ρ = |Ψ Ψ| = |ψ 1 ψ 1 | ⊗ |ψ 2 ψ 2 | ⊗ · · · ⊗ |ψ r ψ r |, where
r . The torus T r = (S 1 ) r is the maximal torus of compact Lie group K, whose elements can also be written in the form
More precisely, the T r action on P n is diagonalizable through the homomorphism ϕ : T r → U (n + 1) as follows
for some a i,j ∈ {±1}, where r k=0 r k = 2 r = n + 1. The r × (n + 1) matrix A contains all a i,j s as columns as follows
.
The torus T r is a subgroup of the torus T n+1 , for which the components of the moment map Φ : M → t * n+1 are perfect Morse functions with critical set M T n+1 .
Lemma 3.1. Let T r be a subtorus of the torus T n+1 as described above and assume that the fixed point set M T r is finite. Then
Proof. Let Φ : M → t * n+1 be the moment map for T n+1 -action and X ∈ t n+1 be a generic element, such that β, X = 0 for each weight β ∈ t * n+1 of T n+1 action on T p M , for every p in the fixed point set M T n+1 . Then, the component of the moment map φ X along X, given by φ X (p) = φ(p), X , is a perfect Morse function with critical set M T n+1 , i.e. dim H i (M ) = |M T n+1 |. Similarly, let µ T = pr r • Φ be the moment map for the T raction, which can be obtained by the projection to t * r of the moment map Φ. Then for any generic value Y ∈ t r we obtain the component µ Y T , which is also a perfect Morse function on M . Thus, dim
The Abelian moment map µ T : P n → t * r for the T r -action is given by
where α j = (a 1,j , a 2,j , · · · , a r,j ) T , for j = 1, · · · , n + 1 are weights of the representation of T r on C n+1 [6] . In particular, for the fixed points p j ∈ M T r , the isotropy weights
of the infinitesimal T r action on T p M are obtained by
3)
The torus T r -action on P n is not a Goresky-Kottwitz-MacPherson (GKM)-type action, since the isotropy weights
in Eq. (3.3), for every p j ∈ M T , are not pairwise linearly independent in t * , on the contrary to the T n+1 -action as a toric variety [20] . The moment polytope µ T (P n ) is the hypercube
spanned by 2 r vertices as the image of the fixed points under the moment map [21] . The codimension-one walls divide the moment polytope ∆ into subpolytopes ∆ reg , whose interior consists of entirely regular values of the Abelian moment map µ T . Before describing the wall-crossing procedure, let us mention that the following lemma provides us with a dimensional criterion for the symplectic reduced space associated to a regular value of the moment map: Lemma 3.2. Let (P n , ω, µ T , T r ) be a Hamiltonian torus T -manifold, such that n = 2 r − 1. Then, for ξ as a regular value of µ T : P n → t * in the hypercube (or r-cube) µ
Regarding definition 2.2, theorem 2.3 and the recursive wall-crossing formula for change in the Poincaré polynomials of symplectic reduced spaces M ξ in Eqs. (2.8) and (2.9), we can start from outside the hypercube (or r-cube) ∆ and cross a finite number of lower dimensional walls. In fact, this gives an algorithm for calculating a recursive invariant, i.e. the Poincaré polynomials, on all sub-chambers of a weighted X-ray by starting from the vertices and crossing higher dimensional walls recursively [9] . The key is then to find the wall-crossing function C I (b, f ) each time we cross a wall. A few examples will be discussed in details in the next section 3.1. Now, consider an i-dimensional wall in the r-cube, such that i = 0, · · · , r − 1. Then, for each ξ i+1 in a (i + 1)-dimensional sub-chamber, whose closure contains the mentioned i-dimensional wall, we can consider a corresponding exterior point η i+1 / ∈ ∆ connected with ξ i+1 through a line crossing the i-dimensional wall. This follows from the fact that any sub-chamber of dimension i + 1 is accessible from outside the polytope by crossing a finite number of dimension i walls [9] . By definition, the recursive invariants for those external points are zero. Next, is to find values of the wall-crossing function C i (b i , f i ) each time we cross an i-dimensional wall. The fact is that the number of positive weights along the circle action connecting η i+1 and ξ i+1 is 2 i and the number of negative weights is always zero. Namely,
In other words, the recursive procedure can be described as follows:
Evidently, the 0-dimensional walls or the vertices of the polytope ∆ = µ T (P n ) are the image under µ T of the fixed points under torus T r -action. Hence, we have P t (F l ) = 1, for l = 0, · · · , n + 1.
• i = 1: then ξ 2 ∈ 2-dimensional boundary of ∆ and f 1 = 2, b 1 = 0. Therefore,
• i = 2: then ξ 3 ∈ 3-dimensional boundary of ∆ and f 2 = 4, b 2 = 0. Therefore,
• Repeating the same procedure recursively, for a general i we will have ξ i+1 ∈ (i+ 1)-dimensional boundary of ∆ and f i = 2 i , b i = 0. Therefore,
Hence, for ξ as a regular value of the moment map µ T , the Poincaré polynomial for the associated symplectic reduced space M ξ can be obtained recursively from the following wall-crossing formula 6) satisfying both the Poincaré duality and the dimensional constraint in lemma 3.2. By replacing t = −1 we will obtain a wall-crossing function for the Euler characteristic as follows:
Corollary 3.1. The Euler characteristic of the symplectic quotients M ξ , for a regular ξ ∈ ∆ reg , is given by
Examples
In this sub-section, we describe the recursive wall-crossing procedure for the following examples:
(a) Let's consider the torus T 2 = S 1 × S 1 acting on the complex projective manifold P 3 via the homomorphism ϕ : T 2 → U (4) as follows
The moment polytope µ T (P 3 ), which is shown in Fig. 1 , is a square as a convex polytope ∆ 2 ≡ conv. (x 1 , x 2 ) ∈ R 2 : x i = ±1/2 spanned by 4 vertices as the image of fixed points under the moment map. Since the complex dimension of the manifold M = P 3 is three, at each vertex there exist three weights emanating from them towards other fixed points.
Regarding the Eq. (3.6), or following the recursive procedure illustrated in Fig. 1 and described in the previous section 3, one can find
Considering corollary 3.1 and Eq. (3.8), the Euler characteristic of M ξ 2 is equal to 2.
(b) Now, consider the torus T 3 acting on the Kähler manifold P 7 via the homomorphism ϕ : T 3 → U (8) as follows
for some a i,j ∈ {±1}, where 8 = 3 k=0 3 k = 2 3 . The moment polytope µ T (P 7 ) (depicted in the following Fig. 2) is the 3-cube
spanned by 2 3 vertices as the images of fixed points under the moment map. The codimension-one walls divide the moment polytope ∆ into subpolytopes ∆ reg , whose interior consists of entirely regular values of the Abelian moment map µ T .
Figure 2: µ T (P 7 ) ≡ ∆ 3 , for M = P 7 with T 3 Hamiltonian action As shown in Fig. 2 , by following the recursive procedure discussed in the previous section 3, or simply by using the wall-crossing formula in Eq. (3.6), one can find 
Summary and Outlooks
In this paper, we obtained recursive wall-crossing formulas for the Poincaré polynomials and the Euler characteristics of Abelian symplectic quotients associated to a complex projective space of dimension n acted upon in a Hamiltonian fashion by a sub-torus T r of the natural torus T n+1 , such that 2 r = n + 1. In fact, the torus T r action is an effective action and the associated symplectic quotients M ξ , for ξ ∈ ∆ reg as regular values of the moment map µ T , possess at most orbifold singularities. The k-th coefficient of the Poincaré polynomials, i.e. the k-th Betti number, effectively counts the number of k-dimensional cycles in the corresponding symplectic quotients. From the physical point of view, by varying the set ξ of diagonal elements of reduced density matrices for an isolated r-qubit system inside the moment polytope (r-cube) and crossing critical walls between chambers of ∆ reg ⊂ r-cube, we topologically classified the associated symplectic reduced spaces. In other words, the set ξ encodes local phases, or equivalently the relative phases of isolated r qubits, and by varying them inside their domain in a hyper-cube, we utilized a recursive wall-crossing procedure to obtain topological invariants, i.e. Poincaré polynomials and Euler characteristics, of the corresponding spaces of pure multi-qubit states.
However, one has to note that generalization of the wall-crossing procedure described above and especially the Abelian Poincaré polynomials in Eq. (2.8) to non-abelian group action is highly nontrivial in the sense that non-abelian moment values α = µ(p) ∈ µ(M ) ∩ t * + , where µ : M → k * is the non-abelian equivariant moment map, are not necessarily regular values and therefore, the quotients M α = µ −1 (α)/K α are stratified symplectic spaces [22] . Therefore, to study their topological properties one can refer to intersection cohomology IH * (.), which satisfies all the properties of the cohomology groups of non-singular complex projective spaces [23] . Finding the topological invariants, such as Poincaré polynomial or Euler characteristic for the non-abelian Local Unitary group action, where T r is the maximal torus, will be studied elsewhere.
